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Differential constants of motion for systems of freely gravitating particles
in general relativity are first defined and then determined. It is shown that
they are all consequences of the local simultaneity conservation property of
general relativity. It is proved, further, that the restricticn to vacuum con-
ditions does not change the set of differential constants of motion, excluding
the nonphysical cases of space-time of dimension 2 or 3. Another conse-
quence is that nothing can be inferred from local (in space and time)
measurements about the orientation of a laboratory in free fall relative to
Fermi transported axes. A similar property exists in Newton’s theory.

1. INTRODUCTION

The problem of differential constants of motion (DCMs) for a continuum
consisting of freely gravitating, noncolliding particles was studied in the
preceding paper (Enosh and Kovetz, 1977) (hereafter referred to as Paper I)
in the framework of Newton’s theory. Here we study the analogous problem
in Einstein’s theory. Since many of the ideas, methods, notations, and con-
ventions of this paper can be found in Paper I, sometimes in more detail, it
would be advisable to have read Paper I first. However, we believe that (apart
from the explicitly noted references) the present paper is self-contained.

Along the history of any particle surrounded by others, all in free fall and
all carrying clocks, we can speak of differential quantities. Generally speaking
these are arbitrary differentiable functions of some arguments which form a
finite subset of a certain infinite set. The latter is determined in the following
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320 Enosh and Kovetz

way: Certain functions describe space-time, the particles’ motion and the
(clocks’) proper time. The values of all the derivatives of these functions are
the elements of the infinite set mentioned. In order to derive meaningful
results we shall consider in particular the covariant differential quantities,
that is, the quantities that are unambiguously determined by the physical-
mathematical structure of the system. Technically, the covariant quantities
are the quantities that are independent of transformations of space-time
coordinates. The DCMs are those differential quantities that remain constant
along the history of every particle in every continuum in every gravitational field.
Obviously, the DCMs must be covariant; indeed it follows below.

Throughout this paper lowercase Latin and Greek and capital Latin
indices run over the ranges {0, 1, 2, 3}, {1, 2, 3}, and {1, 2, . . ., 6}, respectively
(exceptions are noted explicitly). The matrix tensor g;; has the signature of
7y, = diag(+1, —1, —1, —1) and {}} are the related Christoffel symbols.
Partial derivatives with respect to a parameter distinguished by an index are
sometimes denoted by a diagonal stroke followed by the index (e.g., ¢,z =
0t ,/od?, g, = 0g,;/0x*). Covariant derivatives with respect to a parameter
are denoted by means of /3 (e.g., 8U*/8s), and with respect to coordinates
by means of a semicolon (e.g., gi;.. = 9g;;/0x¥). Parentheses and square
brackets around indices denote the symmetric and the antisymmetric part
respectively. Riemann’s tensor is chosen so that 2¢.1,.,; = RYy;,€% For scalar
products between 4-vectors we sometimes write (4B) = A4,B'. The general
summation convention is strictly kept: A letter occurring twice, no matter
where, as an index in a product should be automatically summed over the
whole range of the index. As usual we mark the important equations by a
running number. In addition, however, we introduce in some sections a
notation by letters for equations of local importance.

In order to find the DCMs one needs to solve systems of homogeneous
linear partial differential equations of the first order for a single unknown
function; We shall apply to them the technique of the crossing process out-
lined, for example, in Schouten (1954). To describe our operations economi-
cally we introduce the following notation: Let F(y) satisfy

7
(a) a*a—)-)-iF=0
d

(Here and in the following the indices Z, j, . . . run over any finite set.) Then ¥
also satisfies equation (c)

0 7 0 0
I — | b — — by = ld= =
©) @ 75 (b B F) b o (a By F) 0
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obtained, we say, by “‘crossing of (a) and (b).” Equation (c) is again a homo-
geneous linear differential equation of the first order:

(© ciaiy‘ F=0, c'=adby - bad,

We shall write symbolically [a, 5] = (¢).

2. DIFFERENTIAL QUANTITIES AND THE DEFINITION OF
A DIFFERENTIAL CONSTANT OF MOTION (DCM)

2.1. The Mathematical Structure of the System. Let x' be arbitrary
coordinates in space-time. Six parameters, (d) = (d*), serve to identify all the
possible motions of free particles. The functions that describe these motions
and the proper time, s, along them are given by x' = ¥'(s; d), [X = X(s; d)].
In addition to these, the metric’s functions, g;,(x), are also available. The
differential quantities (along the history of a certain particle d) are constructed
out of s and the derivatives of X(s; d) and g,,(%).

The functions X(s; d) and g;,(x) satisfy

2% {i }axf axk 0% ox’
k

252 j 5 gijgs"'a=l 2.H

also, X(s; d) should include all the possible free motions. We give different
form to these restrictions as follows. Let us define the following 4-vectors at
X(s; d):

ox ox’ 8 .3 p
Ul = —é;’ DAi = 6—¢1A N DiAl...An = m' " .S—CiA; Ay>

8 8

UA{41"‘An = m . STJA—I Ut (22)

They satisfy
%DAi = UAi; D.‘w = DEBA (2-3)
% Ut =0, ou)y=1 2.4

Equations (2.4) are equivalent to equations (2.1). Let us denote
(Ui) = (an U19 U2, UB)’ (DAi) = (DA09 -DAl, DAzs DAa)a
(UAi) = (U% U, U3, UAB)
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Then, a necessary and sufficient condition for %(s; d) to include (locally) all
the geodesics is
wH o
(D1) (U7)
det : : #0 2.5)
(Ds) (Us)
0o (UH

By means of a construction it is possible to prove the following statement.
Given a metric in space-time, certain (8q; dy), X(so; do) and a system of co-
ordinates in a neighborhood of X(sq; dy), then apart from the symmetry in the
indices Ay, ..., 4, and the equations obtained by differentiating the equation
(UU) = 1 with respect to the d*, all the quantities {U*, Ula,...an0» Diay..iphi=1
at (so; do) are functionally independent. [They have to satisfy (2.5), too; but
the inequality does not reduce the set of functionally independent quantities.]
Also, those quantities among them that are restricted by k < K determine
(and are determined) by {U*, U}, ...a,, DY,...ath=1 at (o3 do).

2.2. The Generalized Covariant Differential Quantities. In order to treat
the differential quantities along a certain geodesic, d, we attach an auxiliary
triad of spatial axes to it, which form together with U’ an orthonormal tetrad
along it. This particular choice enriches the given structure of the system and,
therefore, it enlarges the set of covariant differential quantities to what we
call the set of generalized covariant differential quantities. To be definite, a
generalized covariant differential quantity is an arbitrary function of the
“ordinary” arguments, s and the derivatives of X(s; d) and g;,(x), and of the
extra arguments, the chosen triad components, that is independent of space-
time coordinates transformations, provided the triad components also trans-
form (as four vector components). In principle this choice may enlarge the set
of DCMs (defined later in Section 2.4) too. We hope, however, that we shall
be able to find the “ordinary” covariant DCMs in the larger set. So, we
concentrate on the generalized covariant quantities in the following. In order
to gain some advantage out of this approach we choose the spatial axes to
obey the parallel transport law, which has a physical meaning (Synge, 1960).
Thus, for example, if a DCM that depends on the rotation of the axes does
exist, then it is possible to learn something about the orientation of a labora-
tory (perhaps to fix it completely) relative to parallel-transported axes from
local measurements only. (Then one can determine the laboratory orientation
after a finite time interval without keeping parallel-transported axes all the
time.)

Now, at a given event X(s; ) on the geodesic d we choose an arbitrary
system of coordinates provided its origin and its axes at the origin coincide
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with ¥(s; d) and the given tetrad at X(s; d), respectively. We consider functions
of s and of the derivatives of g;; and X'(s; d) in these coordinates at the origin.
The geodesic equation (2.1) enables one to express derivatives of ¥(s; d) with
at least two derivations with respect to s in terms of lower derivatives of
X(s; d) and derivatives of g;;. At the origin g;; = =, and 65'/0s = 8,'; therefore
it is sufficient to consider the quantities

o _o% oo ox o
% 2d® 2d%0d® 2d%edPed® " " Bsod® Bsodied® 7 By Bukii - -

The determination of these is completely equivalent to the determination of

i i i
S, D4y Diagy Digeys 5 Udls Ubamys -« 5 &igies Gigirents « -+ +

as follows by induction. Among these quantities only the derivatives of g;; still
depend on the freedom left in the choice of the coordinates. However, every
generalized covariant differential quantity has to be a certain function of the
previous quantities in every system of coordinates, the axes of which at the
origin coincide with the given tetrad. We may choose, in particular, the normal
geodetic system of coordinates (Schouten, 1954, p. 155), which is determined
completely by the given tetrad. The derivatives of g;; in this system of co-
ordinates are generalized covariant differential quantities. Since, further, these
quantities are completely determined by Ry, and its covariant derivatives,
the

8, D4, Diapyy Diapcy -+ o5 Ud's Ulasy - - -5 Riits Rigrrims Ririimins - - - (2.6)

form a complete set for the construction of generalized covariant differential
quantities. The quantities (2.6) should be understood as the components of
the relevant tensors on the given orthonormal tetrad; as such they are scalars.
From now on all the components of tensors should be understood as taken with
respect to the given tetrad.

We wish to find a functionally independent complete set (a basis) for the
generalized covariant differential quantities. To this end we make use of the
quantities S;;,.., (n = 4, 5,...),

Siser = ¥ Ruest + Ryn), Sisimn... = Sijterimin.. 2.7

and of their properties which can be found in the Appendix. These quantities
were introduced by Penrose (1960); his definition equals (2.7) up to a factor
only. Then, taking also into consideration the statement following equation
(2.5) (by which the UY,,...,,, are omitted), we find that, apart from the sym-
metries in the indices A, B, C, . . ., and the symmetries

Sijklmn... = S(ij)(klmn...)9 St(]’klm...) =0 (2-8)
the quantities (scalars!)

i i
s, D, Disg), Digpcys - -5 Ua® Uapys + - 5 Sijias Shitctms + + - 2.9)
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are functionally independent and form a basis for the generalized covariant
differential quantities.

The independence of the quantities (2.9) enables us to classify them as
follows. A quantity from (2.9) is of order n, or of A-order n, if it has n indices
of type A4, B, . ... We generalize this to any generalized covariant differential
quantity in the natural way, according to the highest order of its nontrivial
variables in its representation as a function of the quantities (2.9). We intro-
duce, in addition, the notation [4#n], which may be accompanied with indices
if necessary, to represent a polynomial in the quantities (2.9) of A-order n at
most. For example: U}, ...,, = [A(n — 1))y4,...s,, [as implied by (2.2) and (2.4)];
Ulyoa, = [AN]gya,5 Dhyos, = [An]4y s,

Equation (2.5) imposes a further restriction on the quantities (2.9); but as
an inequality it does not reduce further the set of functionally independent
quantities among them. Since now U* = §.}, (2.5) takes the form

( (D) (Ui"‘))
det [ : i )0 (2.10)

(D) (Us"
where
(UA“) = (UAI, UAz, UAS), (DAu) = (-DAI’ DAza DAS)

We shall make use of (2.10) later

2.3. Modification of the Basis (2.9). We shall choose another basis for
the generalized covariant differential quantities as follows. Given any U,
D, U, that satisfy (2.5), it is easy to show that their covariant components
satisfy
) 0
—(D1) (Uiz)
det : : #0
—(Dz) (Us)
0 @)
where
(U) = Uy, Uy, Uy, Us), (D4e) = (Daos Dy1s Dazs D),

(UAi) = (UAOs UAls UA2, UAs)

Therefore, the rows of the previous matrix form a linear basis in the space of
8-tuples, and, in particular, we may represent every 8-tuple by its eight
8-Cartesian scalar products with these basis elements. Assume that for a given
n(n = 2, 3,...) the quantities up to order n — 1 are given. Now, for given
Ay, ..., Ay, fixing of (Dl .4y, Uk,...4,> is equivalent to fixing of (D, ...4,),
Ulsy-nyy since U, ..y = [A(m — 1)]4,...4,, and this is equivalent to fixing
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of the above-mentioned eight scalar products, namely (up to a sign),
<(UU(A1~--An))3 hAAl"'An’ kAl"'An>’ where

hAl"'An = _('DAlU(Az"-An)) -+ (UAlD(Az---A,,)) (n = 2, 3, . ) (2.11)
kAl“'An = (U‘D(Al"'An)) = D?Al‘--A,,) (n = 2, 3, .. .) (2.12)

and this is equivalent to fixing of <{hus..4,, Kay.s,, sinCe (UUy,...s,)) =
U, .4y is known. Therefore, by an inductive process we may replace
<U(aA,1--~A,,)9 DzAl"'An)> (n = 2, 3, . .) in (2.9) by <h’AA1"'An5 kAl"‘An>' We Obtain
another basis

s, D3, U®, kg, hage, Kage, Rapcps - - - Sists Styicims - - - (2.13)

in. which the quantities are functionally independent, apart from the sym-
metries (2.8) and

hAlAz“'An = hAl(Az"‘An) (n = 3, 4, .o .) (2‘14)

kAl"'An = k(Al"'An) (i‘L = 2, 3, . .) (2.15)
Also, the quantities

{s, D}, Uy, Sisicts Sigietms « + -}U{kAl‘--A,;}LzU {hAAl--~A,,}¥=2

form a basis for all the generalized covariant quantities of order N.

We now perform some more modifications of the basis (2.13). By
Lemma 1 in the Appendix of Paper I and by (2.14) we may replace every
hyya, (= 3,4,...)in (2.13) by hs,...s,y and Ay, 44,4, Which are arbitrary
apart from symmetry of A,,...,, and

h[AlAz]As---An = h[AlAzl(Aa---An), h[[A1A2]A3]A4---A,,' =0 (” =3,4,.. ) (2-16)

Then, by an inductive process, we may add to each quantity of (2.13) a term
(of the same symmetry) of lower order. Firstly, let us replace every h,,...4,, by
Hy,...4,, where

HAl"'An = h(A].AzAsIAg/"'IAn) (n = 3, 4, . .) (2.17)

Indeed, H,,...,, is symmetric as A, ..., , is, and they differ from each other by
a term of order # — 2 at most [as implied by (2.17) and (2.11) by induction].
Now we turn to modify ku,...a,_,, sy agiaq--a,- TO this end we define the
differential quantities

ty = —(UDA)a tAl"‘An = tAlA’AZ/"'An (218)
which obviously satisfy
tAlAz"'An = tAl(Az"'An) (n = 2, 3, .. .) (2.19)

Equation (2.18) implies
tA1A2 = - (UDAlAz) - (UAQ DA1)
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Hence, with the aid of (2.3)
tayag = 3[(DaUs) — (D, U] (2.20)
and by induction

tiagagiag--ay = — (DrayUsnyaga,) + (Upay Dsgrag.a,) + [AM — )]sy,
n=34..)
However, since
Diy,.4 = Diy,..ay + [A(n — D]ugays
Uty = Ubtgamy + [A(0 — 2)) 4y s

it follows with the aid of (2.11) that
tayagiag—an = Prajagiaga, + (A0 — Dlgys, @ =3,4,...) 221)
Another immediate consequence of (2.18) is
tayoa, = —(UDygy.a) + [A(n — Dlgyos,
This equation and (2.12) imply
tayoay = Kageay + [A0 = Digys, @=2,3,...) (2.22)

Since tr4, 451454, a0d 4, ..., have the same symmetries of Apa, 4p14,---4, (2.16),
and of k..., (2.15), respectively [a consequence of (2.19) and of Lemma 1 in
the Appendix of Paper I}, it follows from (2.21) and (2.22) that we may replace
every ku,..q, (n = 2,3,...), and every ha, 41054, (n = 3,4,...) in the basis
(2.13) by fe4y.a,y a0 tra, 451454, TESpectively. Thus, starting at (2.13) we
obtain, apart from the symmetries,

HAl-uA,. = H(Al--'Aﬂ) (n = 3, 4, .. .) (223)
t[AlAzlAa"'An = t[AlAzl(As"'An) (n = 3, 4, .. .) (2.24)
and the symmetry of #y4;,...,), the quantities

8, D4, Us®, tuany, Hascs tasics tuscy Hapops tasieps - « +» Stikts Sigims - - -

(2.25)

are functionally independent and form a basis for the generalized covariant
differential quantities. Now we apply Lemma 1 in the Appendix of Paper I
again to f(s,...4,y and fia, 1454, and find [with the aid of (2.24) and (2.19)]
the following result:

Apart from the symmetries (2.8), (2.19), (2.23) and that of t z, the quantities

i
S, DA s UAas t(AB); HABC’ tABC" HABCD’ tABCD, cory Sijkb Sijklm, <o (2'26)

are functionally independent and form a basis for the generalized covariant
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differential quantities. [Equations (2.7), (2.11), {2.17), and (2.18) define the
Sijxim..., Hagce s tage..-] We shall not modify the basis (2.26) any further.

Our operations imply that the {s, D, U, Siki, Sijiims - - -} form a basis
for the first-order quantities, the {s, D, U.%, tpy» Hapcs famer Sijms - - -} form
a basis for the second-order quantities, and the

i «
{8, Da's Us®, tayagy Hayagag tazagags -+ s Hagagaps Layaps
Hy ony 15 tayagiag g vyo Sizkts Sigcims - - -}

form a basis for the quantities of order # (n > 2).

We introduce a further classification of the generalized covariant differ-
ential quantities: Such a quantity is of S-order n if as a function of the
quantities of (2.26) the Syp,..., occur among its nontrivial arguments while
the {Sups, -iptx>n+1 do not. Also the notation [4n, Sm] (sometimes accom-
panied by indices) will stand for a polynomial in the variables (2.26) of
A-order n and S-order m, at most; and [Sr] will stand for a polynomial in the
{Sabiy.i i~ 2 only [the other quantities in (2.26) do not appear at all].

It is worth noting that apart from the symmetries (2.19), the t4,...,, are
Sfunctionally independent. This result is essentially a consequence of the inde-
pendence of the quantities in the basis (2.26), in which ¢, = —D,° t5,
{t4,...a,)n=3, appear independently. We have to prove in addition that the
tr4p are independent of these and are arbitrary apart from skew-symmetry.
This is, indeed, the case since equation (2.20) and U,° = ¥(UU),, = 0 imply

2t[A1A2] = ‘Df“ll 22 - aAgUgl = KAlAz (2'27)

The D % U,* appear independently in (2.26) and the K, are 15 functionally
independent quantities with respect to them, as was proved in Section 3.3 of
Paper 1. (There we wrote K instead of K, here.)

2.4. Definition of the DCMs, The DCMs were defined in the intro-
duction. We now present an equivalent, more constructive, definition. In order
to do this we have to know the time derivatives (d/ds) of the quantities (2.26)
along the particles’ world-lines. This kind of derivative we denote by a dot.
We again remind the reader of the fact that all tensor components should be
taken with respect to parallel-transported orthogonal tetrads.

Equations (2.3), (2.4), (2.18) imply 7, = 0. A consequence of this equation
and the definition (2.18) is

iAl-"A,, =0 (n = 1, 2, . ) (228)
In particular 7,5 = 0. By (2.3) D, = U/, and by (2.4), (2.7), 2.8), U,® =
— 280005 D 4. Of course, S‘a,,il.‘.in = Sopi,-i,:0, DUt We have to substitute from

(A.4) of the Appendix into this equation. So far, the calculation of H,,..., is
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still missing. We first deal with H, 4, ,. Its definition by (2.11) and (2.17) and
properties of other relevant quantities (in particular, those of Sium,...) lead to
HAlA,,Ag = "‘6SijsziU(jA1D§2D£43) - % ijklmUinD§1Df42 71!3
then by (2.17) [making use of H,,...a, = (Ha,4545)145/14,]
Hy,., = —3Supsy.i,UUPDY, - - - D7, + [A(n — 2), S0 — D]y,
We recall Hy, ..., = [A(n — 1)]4...a,. TO sum up

§=1 (2.29a)
bi=Us (UL=0) (2.29b)
U = —3S00asD 4" (2.29¢)
lup =0 (2.29d)
Fa, =0 (m=34..) (2.29¢)
Savii = 3Saptjo + F(Saoois + Svoats) (2.29f)
Saviy-ip = (71—3011)'(;—13_7) Subige-ino T G:"—l)%m

X (SaObh-"in + SbOﬂil'“in) + [Sn]ab,-l...,-n (n = 3, 4, . .) (2.29g)

Hy,.n, = —3Sooiyiy D, - - D, + [An — 2), S@ — Dlayay
(n=3,4,...) (2.29h)

A function F of a finite number of arguments from (2.26) isa DCM if and
only if it satisfies in a certain domain of its arguments the equation

-~ 6F o aF _ 3 8 aF ] . aF
F = 55 + UA (aDAa) ZSOOaHDA (aUAa) + k22 Sabil...ik(—————-asabilmik)
-] . aF
i kza HAl"'A"(aHAI...Ak) =0 (2.30)

in which the summations are in fact finite and we have to substitute the
relevant expressions from (2.29).

Equation (2.30) is a single equation. But with a function F of a finite
number of arguments (as should be), the coefficients in (2.30) contain some
quantities of (2.26) that are not among the arguments of F(1). Since these are
arbitrary (in their domains), it always follows that equations (2.30) decom-
poses into a system of equations. In the following we find and characterize all
the solutions of these systems.
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3. THE DCMs OF EINSTEIN’S THEORY WITH NO
RESTRICTIONS

In Section 2.3 we showed that apart from (2.19) the #,,...,, are functionally
independent and by (2.28) they are DCMs. In this section we complete the
proof of the following assertion.

Apart from the symmetries (2.19), the t,,...,, are functionally independent
and they form a basis for the generalized covariant DCMs. Also, they are all
covariant in the restricted sense. (The last statement is obvious.)

3.1. DCMs of the First Order, [F(s, D, Us®, Sapiigs - - -» Sapiyig)].  For
such functions equation (2.30) reads

oF « ©F 3 s _OF )
_a? + UA (W) — ZSOOQB“DA (3UA“ z Sabl1 «iy;0 aS iy = 0

By part (b) of Theorem 2 in the Appendix we may change the Sgpi..ip:0
according to (A.7) without any (other) change of the arguments of F. The
above equation is still valid then. Hence 64y, ...1 ;0(0F/0Sps; i) = O for all
O gbiy--ig ;0 With the symmetries of Sy, ...s,. This means that Fhas to be a trivial
function of the S,p;, ..., By induction Fis a trivial function of all {Sys;,...s,}5 =
Equation (2.30) then takes the form

ZF + Uy (66DF ) — 3So0us D" (%FA—,,) =0 (3.1
F is independent of the S;,.5 now, which are arbitrary apart from symmetry
in «f; hence (3.1) is equivalent to

oF [ OF\ _ oF o OF\ _
% Ua (_6DA“) =0 Dy (aU B) + D, (—“aU,;x) =0

These equations are equivalent to equations (a) and (b) of Section 3.3 of
Paper 1, and, as was shown there, they imply that F is independent of s and
may depend on the D%, U,* only through the #.,5;. [Remember (2.27).] Also,
its dependence on D,° = —t, is completely arbitrary.

3.2. DCMs of High Orders. Let Fbe a DCM. Assume that as a function
of the basic quantities (2.26) the H,...,, for a certain n (n > 3) occur among
its arguments while the {H,...,,}x>, do not. By considerations analogous to
those made in Section 3.1 [based on (2.29), (2.30), and Theorem 2 of the Appen-
dix], Fcannot be a function of the {S, ..., }x » »- Therefore equation (2.30) reads
in which we have to substitute S’ab,l 4 and H A1 .4, from (2.29).

7
T+ U (3 — FouusD (aZF F) -+ 2 Sty (8 s

abiy i

g oF
Hy s\s5—) =0 (32
N kzs e (aHAl"'Ak) ( )
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In the following we treat linear homogeneous differential equations for
the single unknown function F. On these we shall perform operations of
crossing and linear combinations. We shall start from equations consisting of
part of the terms of (3.2). The coefficients of the derivatives of F in the
resulting equations will be polynomials in the quantities (2.26) without the
{H,,...4.}5=n, since this is the case in equation (3.2) itself (by induction). Also,
in the resulting equations, the coefficients of the derivatives of F with respect
to the variables {s, D%, U,% Sapi,ip> Savigigiss - - -3 Will be functions of these
quantities themselves only [by induction based on (2.29) and (3.2)]. This fact
sometimes enables us to write the resulting equations so that only the terms
containing derivatives of F with respect to {s, D%, U,%, Sasiyip> Savisigigs - - -}
appear explicitly, in the sense that the terms of this type in every new derived
equation are determined only by the terms of this type in the preceding
(available) equations (induction). We adopt this in the following, and we
denote by - - -7 the terms not written explicitly. Also, we adopt the notation
of the Appendix, generally. In particular, o, ;, Will denote arbitrary
constants with the symmetries (A.8) and

g 0= XD
abiy-ingi0 = (n — 1)(11 + 2) abiy-+in0

n+1
+ (n_—l—)(n—+_2) (GGOMr--in + °b0a11---in) (3.3)

We now return to equation (3.2). By part (b) of Theorem 2 of the
Appendix we know that equation (3.2) remains valid if the transformation
(A.7) is applied to the Sgps,...s,, Saviy. i, _q:0- This implies the equation

oF _( ©OF
O'abil--'i,.—l;o (m) - %O’go,-l...ian'l - Df41 (m) = 0 (34)

According to Theorem 2, a4qy,...i, ;0 = [( — 2)/n]o00i-t, -1 300 thE Oty .ty _y 10
are arbitrary apart from the symmetries of og,..4,_,, (A.8), and they are
independent of the og¢q,...,. Therefore, (3.4) is equivalent to the equations

oF
(al) Uaml...i"_l(a-s——— + .- .) = 0
a

bigeing—1

o g aF —
(b) Co0es-an DL - -DAn(a HAI---An) =0
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We emphasize that equation (b) is written in explicit form. Applying (a,) and
(A.7) to (3.2) leads to

oF [ oF oF oF
0 2 () i) + B o)

+ IS@ = Dlaiy (5S—6F——) Fem0

bigseein -3
{In fact, here [S(n — 1)]api;.s,., = O; we prefer that form, however, in order
that these considerations be applicable in the case of a vacuum.} Now we
perform an inductive process which leads to equations (ay), (as), . . ., as follows.
Each (a,) has the form

(a)
. { oF nil RO k( oF ) . } 0
Ogbig iy 50— - T e s =
abiy k aSabil...,-n_k l=nett+1 edfy.gi aSCdJ'l"'jl

Equation (g, ,) is derived by performing [a,, ¢]. With the aid of (2.29g) and
{3.3) we obtain

[ 1 l___
Qs €F Ogbigedy _p_1:0 as,

iy rin — k-1

a oF
+ Oapiyoiy z [S(n — Degirin- k(ascajl..-;,) 4+ =0

=n-k

Since 44,4, _,_,:0 aT€ arbltrary apart from the symmetries of aup..i, .,
(Theorem 2), [a,, c¢] implies an equation of the type (a,.,). Finally for
k = n — 2 we obtain

oF | % wisa _OF
(an 2) Gabtlzzl:asamllz + z [S(n — 1)]03;: “5?_]___ 4. ] =0

fa,-2, c] = (a,- 1)

oF oF
_%GOOL!BDA (aU ) + Oabiqis { Z [S(I’l - 1)]?32”1,('55;:) T+ } =0

The 04, are arbitrary apart from symmetry; hence (a, ) implies

oF ot oF
UooaB{DAB (W) - 122 (S = Dl (aScdn Jl) T } =0

Therefore

G

{ oF oF\ "I oF
D(573) + 2 (zera) + 3, 150 = D) 4= 0
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Substitution of (d) in (c) leads to

oF . OF & " OF
Q] s + Uy (W) + lz [S(n - 1)]cdh---h(5m) +:0=0

=2

We perform [e, d] = (f), [, f] = (g),
(8
of _OF s(_9F S (@8) or =
UA (a—D?) + UA (W) + 122 [S(I’l - 1)]cdj1---jl(m +-.--= 0
Equation (b) is equivalent to

,, " oF
(b*) D(jl...DA:)(m) =0
Now we observe that equation (b*) is identical to (c) of Section 3.4 of Paper I,
while (g) is, apart from some additional terms, identical with (d) of Section 3.4
of Paper 1. Exactly the same process that was carried out there (in Paper 1)
implies here with the aid of (2.10) that F is independent of the H,...,,.. By
induction F is independent of the {H,,...4}i-3, and the way to the desired
assertion of this section (with the aid of Section 3.1) is open.

4. THE DCMs OF EINSTEIN’S THEORY IN VACUUM

A DCM of Einstein’s theory with no restriction is, in particular, a DCM
in vacuous space-times. Thus, the set of DCMs in vacuum may be larger than
the set of DCM:s that hold for all gravitational fields. On the other hand, the
vacuum condition, R;; = 0, reduces the set of differential quantities, since it
introduces, in addition to (2.8), further restrictions on the Sy, ...,, appearing
in the basis (2.26), namely,

NS apiywinir + [S@ + Dlagiyos, = 0 n=012,...) 4.1)

(Theorem 3 of the Appendix). In principle these restrictions may make some
of the DCMs found in Section 3 trivial. However, what really happens is that
(provided the dimension of space-time is not less than 4) the vacuum condition
does not change the set of DCMs at all.

We outline the proof. Our aim is to show that the ¢, .., again form
a basis for the DCMs in vacuum. We follow essentially the treatment of
Section 3, but from time to time we have to overcome some new difficulties,
peculiar to this situation. Usually this means that we have to use Theorem 4
in the Appendix rather than Theorem 2, and, also, the constants o,;,..,
introduced in Section 3.2 have to satisfy (A.19) in addition to (A.8).
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4.1. DCMs of the First Order, [F(s, D, Uy, Supiigs - - > Sapig ). We
follow the argumentation of Section 3.1 and we find that F has to satisfy
Capiy iy :000F) S apiy i) = 0, for all op:,...50,0 Obtained by (3.3). Now, by
Theorem 4 of the Appendix, given {s, D4, Us% Savigigs - - +» Sabiy-ig_,)s the
freedom in Sgp,..4, 1S Of the type Sypi,...ip = Sapiy-ix T Tabiy-ip It fOllows
that the above equation implies that F is a trivial function of Sy, ..., if the
Oqviy-ig ;0 that satisfy the symmetries of oy, ..., are otherwise arbitrary. This
is assured by Theorem 5 provided the dimension of space-time is 4 at least.
In this case we obtain by induction that F cannot be a nontrivial function of
the {Sgpi,-i}iee. Then F satisfies (3.1), with Sooqs arbitrary apart from
symmetry and Sy, = 0. This equation is identical to equations (a), (b*) of
Section 4.1 of Paper I, which imply that F is independent of s and it may
depend on the D%, U,* only through the f;45, as expected. [Remember (2.27).]

4.2. DCMs of High Orders. We follow the argumentation of Section 3.2
and adopt the conventions introduced there. Assume that F does depend on
the H,,...,, for a certain n (n > 3) and does not depend on the {H,...4, }i>n.
By considerations analogous to those done in Section 4.1 F cannot be a
function of the {S,p,..;,}x>s provided the dimension of space-time is at
least 4, Then F satisfies equations (3.2) and (3.4). By a process similar to that
performed in Section 3.2 (but using Theorem 4 rather than Theorem 2) it
follows, in space-time of dimension 4 at least, that F satisfies

oF o °F "o oF
@ 5 + Us (W) + Z [S@ — Dlass,- i,(aS — il) 4= 0

®) aooaﬁ{m ( 3Fa) 2 [S(r — DIk, ,,( , SiF ﬁ) +...}=0

where ogq.4 1S arbitrary apart from symmetry and ogg,, = 0. By the remark
following Theorem 4, equation (3.4) implies

oF
i =
(C) Uooal-"anDAl A" (3HA1 A,.) =0

for all symmetric oogq,...q, that satisfy cooe;-a, _guu = 0.

Equations (a), (b), and (c) are similar to the equations obtained in
Section 4.2 of Paper 1 [(c) is even identical to (c) there]. The same process
carried out in Section 4.2 of Paper I implies here, with the aid of (2.10), that F
cannot be a nontrivial function of the H,,...,,. By induction F is independent
of the {H,,...4, }5= 5 and the way to the desired assertion of this section is open.

5. SOME CONCLUDING REMARKS

By means of slight modifications of the foregoing proofs we can generalize
the results obtained for Einstein’s theory with no restrictions to the classes of
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Riemann’s spaces (signature arbitrary) of dimension n, # > 2, and the results
obtained for Einstein’s theory in vacuum to the classes of vacuous Riemann’s
spaces (R;; = 0) (signature arbitrary) of dimension n, n > 4. The DCMs for
these classes are all covariant, and the {¢,,...4,}i-1, defined by (2.18), form a
basis for them. The existence of these DCMs is implied by the fact that the ¢,
are DCMs (Section 2.4). Since the last fact in Einstein’s theory is simply the
conservation of simultaneity of close clocks (Enosh and Kovetz, 1972), we
may say that the existence of every DCM in general relativity is implied by
this property. The fact that all the DCMs are covariant in the narrow sense
means, in particular, that it is not possible by (local) measurements of differ-
ential quantities to determine the orientation of a laboratory relative to
Fermi-transported axes (a physical transport law), that is, we cannot endow
this differential law with any global meaning. This property is common to
Einstein’s and Newton’s theories of gravitation.

In order to enlarge the analogy between Einstein’s and Newton’s theories
of gravitation we wish to find any (formal, at least) correspondence between
the DCMs in both the theories. We notice that in Einstein’s theory the DCMs
usually depend on the zero adjustment of the time along the clocks; that is,
the DCMs usually depend on transformations of parameters of the type

s—>s5" =5+ fld), d—=d =d

where f is an arbitrary function of d. Such quantities are artificial in the
framework of Newton’s theory. We shall look for those DCMs in Einstein’s
theory that do not depend on these transformations. Such a transformation
implies

7 7

' , 4
Ui—->U‘=U{, DAi-—>D,§=DAi—U{ﬁA, -a74='a—d—‘4—ﬁ‘48—s

Hence, by (2.18)

! —
I edy ™ tAl"‘An = tA1"'An +f:41"'An
1

where f,...a, = fiaysny = Siay--1a, are arbitrary apart from symmetry. Since
tay--an = baycagam» WE may replace, according to Lemma 1 in the Appendix
of Paper 1, every t,4,...4, by the pair

by anys 2biayagiagan = Kayon)
The transformation above implies
’ ’ —
t(A]_---A,.) i t(Al"‘An) = t(AlmA,,) + fAl"'An’ KA]."'An - KAJ,"'An = KAr"An

Hence the K,...,, form a basis for the desired DCMs. We recognize the
analogy with the K3, of Newton’s theory (Paper I). In particular the
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Ky, .4, and the K., have the same symmetry properties; in a local inertial
rest frame K§Y = K, (this is incorrect for higher orders of K's); and

= (N) —_ (N)
KA]_'--A,, = KA1A2M3/‘"/A1|’ KAr"An - KAlAzlﬁa/"'/An

The classes of vacuous Riemannian spaces (with any signature) of
dimension 2 or 3 do not constitute a real problem, since these spaces are flaz (!).
Finding the DCMs is now trivial, since all equations of evolution for the
differential quantities are explicitly solvable [the basis (2.9) is preferable].
We shall not do this here. We note, however, that the set of DCMs is much
larger, and it includes generalized covariant quantities that are not covariant.
[In special relativity it is possible to fix the orientation of a nonrotating
laboratory by means of local measurements only, since by (2.29¢), for example,
the three-vectors U,® are constant with respect to parallel-transported axes.
This fact is to be expected, since free particles move along straight lines in
Minkowski coordinates of a flat space; hence, four free particles that are
moving in parallel—common four-velocity—and are, respectively, located at
the origin and at three points on the spatial axes of their common rest frame,
remain in their relative positions and fix parallel-transported axes with time.
Our discussion demonstrates that such constructions are impossible in more
general situations of general relativity.]

APPENDIX: PROPERTIES OF THE S,,...;,

It is well known that the covariant derivatives of Riemann’s tensor form
a complete set for the differential concomitants of the Riemannian metric.
In other words, the components of the covariant derivatives of Riemann’s
tensor with respect to a given orthonormal tetrad at a given event determine
and are determined by the derivatives of the metric components at this event
in the normal coordinates (Schouten, 1954, p. 155) with origin at this event
and axes coinciding with the given tetrad. Moreover, the {guu /- site<x
determine and are determined by the {R,p: i,:iq:... ix e <x- The troubleis that the
{Rapiyinis:... i, are not independent of each other. We adopt a proposition by
Penrose for a complete and functionally independent set for these quantities.
We define, after Synge (Synge, 1960, p. 54), the symmetric curvature tensor

Siner = $Rien + Ryn) <> Ry = St — Sipnr (A1)
and after Penrose (1960),
Savigy = Sabtiyigiai.. iip) (r=23,4,..) (A.2)

According to Penrose, apart from the symmetries

Sﬂbil"'in = S(ab)(il'“i,,)’ Sa(bi]_---in) = 0 (n = 2, 3, . ) (A3)
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the {Saupiy..ii )i 2 are functionally independent and they form a complete set for
the covariant derivatives of Rijy,.

The symmetries (A.3) can be proven by induction as consequences of
(A.1), (A.2), the symmetries of R;;;; and the relation Sgpi,...t ., = Savtiy i iin 40
implied by (A.2). In order to prove that the {Su,...,}i=2 form a complete set
and, in particular, for other applications, too, we need the following lemmas.

Lemma 1.

n+1
Sabil"'in—lu":i”"'l] = _m

X (Saftgtn s110t1tn-1 T Sbltnta +alaty 1y 1)
+ {n}abil...gn+1 (n = 2, 3, . )
where {#} gpi, ., ., denote certain polynomials in the {Rapiy iy 115:... idre < e

We leave the proof to the reader; nevertheless we offer two methods. One is
by expressing both sides of the desired equation by means of the covariant
derivatives of R;;; and applying the symmetries of R, and the Bianchi
identity to their “leading terms.” The second is by expressing both sides of the
desired equation by means of partial derivatives of g;; and, again, treating the
“leading terms” only.

Once we have Lemma 1 (here), by equations (A.2) and (A.3) and by
Lemma 1 of the Appendix of Paper I we easily obtain the following.

Lemma 2.

nin+1)
Savr-tnines = = ) + 2) Sabty-vin sy

2n+ 1)

+ G=DE +2 Sip +1abYig -l

+ {1}ty tn 41 n=273...)

Lemma 2 and (A.1) obviously imply by induction that the {Sap;,...i,}ic=2
form a complete set for the covariant derivatives of Ri;;; moreover, the
{Sapi, 1< x determine and are determined by the {Rupiyiz ... sibe<x-

In order to prove that there are no restrictions on the {Sapig-iti=2s
except for those of (A.3), we notice that it is not difficult to show that the
number of independent quantities among the {gap,/-riJe<x I0 normal co-
ordinates equals the number of independent quantities among the {Sabiy ite<x
restricted by (A.3). Since the latter quantities determine the previous ones it
is not possible that the {Sys,...;,}x <x are restricted any further.

Now we may introduce classifications of functions of the {Sapiy-itii=2
as follows: Such a function is of S order n if it is a nontrivial function of the
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{Sapiy i, and does not depend on the {Syp, ..., }x>n Also, we denote by [Sn),
usually accompanied by indices, any polynomial in the {Savty-ipti=2. (Its S order
is n at most.) Lemma 2 now takes the form of the following theorem:

Theorem 1.

nrn+1)

Saviy-iniinsy = (—ntl—)(n_-l-—f) Sabiy-in g

2(n+ 1) s, _
(n — D(n + 2) i
+ [Sn]aml...,-”ﬂ (n = 2, 3, . .) (A4)
FOI‘ n= 2, [S2]ab£112i3 = 0 in (A.4).

+

Checking carefully (A.4) for i,,, = 0, and making use of (A.3), im-
mediately lead to the following.

Lemma 3.
n—
S0ty -ig0 = _— ISoml g0 T [SH] i, (A.5a)
n+2)(n—1
SOtziy--i,._lOO = L(T—?-(—l)T——) Soail---i,,_lo:o
n-1

(n + 1)2 SOOn:il iy -y:0
+ [Sn]ail'"fn_l (A.Sb)

n+ 2n-—1
SOM’J. m0 (—_T;l—_zj('l?'—)soah“'h:o

1

n + 1S00a71 “¥n + [Sn]ayl “¥n (A.SC)

m+2n-—-1
(n+ Dn

2(n + 2)(n — 1)
T T+ D Socaty-tn -30:0

2(n — 1)
(n+ 1)°n
+ [SPlapiyerin o (A.5d)

Sa,stln-i,.-zooo = aBiy-rip -500:0

+ S00asty i 30
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n+2)n—1
Sagrymm-100 = —T:ﬁ)'—l_)n—_) Sapryvn-10:0

2+ 2)(n— 1)
- W So(“‘g)"l""’n-uo

2

+ (n_+T)—n So0syy-1m -1

+ [Shlapyyeevn -y (A.5¢)

n+2)(n-—1
Sanc-nio = A S

2
- ?_‘l So(aﬂ)h"'yn + [Sn]w;-h...y" (A5f)

We arrive now at the following important theorem,

Theorem 2. Assume that at a given event an orthonormal tetrad is
given and we express all the following tensors by means of their
components with respect to this tetrad. Assume, further, that the
{Sapi,itu<n are fixed (given). Then we have the following.

(a) Equation (A.4) for i,,, = 0 determines a one-to-one linear
transformation of the quantities {Sys,..,,,; Which satisfy (A.3) onto

the 4'tuples {<Stlﬁ71"'7n+1’ SOBn'"Vn +17 S0°71“'7n +10 Sﬂbil"'in:0>} of quan-
tities which satisfy

Saﬂy1“‘7n+1 = S(aB)(h---vnn)s Sa(ﬁh---nﬂ) =0,
SOB'V1"'7n+1 = SOB(V1"‘7»+1)’ SO(ﬁ71-~~y,,,+1) = 09
SOOyl---y,,.H_ = SOO(y1~--y,.+1)a Sabil---inzo = S(ab)(i]_-"in):Oa
Saiz-igio = 0 (A.6)

This transformation reduces to the identity for the {S.sy,..;,.
S08y1-75 15 S007,-1m 1,4+ 1N particular, apart from the symmetries
Sabiyeinio = Stab)iy-in);05 Sawiy-in:0 = 0; the {Sabil---in:o}’ by them-
selves, are arbitrary.] The inverse transformation is given partially
by (A.5) (Lemma 3) and is completed by the symmetries (A.3) of
Sabil---in+1-

(b) The freedom in the available {{Sgpi,..4p +1> Sapiy-ig:00) 18 Of
the type

Sabtyrings = Sabigrrinsr T Cabiyin 410

Sabigerigi0 = Sabig-rin:0 T Oabiyerini0 (A7)
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where
aabil---i,.ﬂ = a(ab)(il---i,;+1)’ oa(bil""n+1) = 0 (A.g)
. nr+1 2n + 1)
Cably i :0 = =D +2) Gabiy-i,0 + TN CES) Tocabyiy--ip
(A9

Also, equation (A.9) determines a one-to-one linear homogeneous
transformation of the quantities {o,4;,..., ,,} Which satisfy (A.8) onto
the 4-tuples {<0¢571"‘7n+1’ T08y1vn +1> T00y1- ¥ 417 Uabi1~--i,,;0>} of quan-
tities that satisfy

Cagyitner = C(aBXyy¥ne1) Ougyrrmrp = O
G0gy1-vnsr = C0B(L rm 410 %0ys-1mrp = O
00071 vn+1 — C00(y1-¥p+1) Oabiyin:0 ™ T(ab)iy--in):0s
Oabiyeigy:0 = 0 {A.10)

This transformation reduced to the identity for the {v.s,,...p, ..,
008717 415 Q00711 41y (U0 particular, apart from the symmetries
Oabiy-rin:0 = Oab)iy-—in)i0s Catviy--iny;o = 03 the {ogp, ..i, 0}, by themselves,
are arbitrary.) The inverse transformation is determined by the
symmetries (A.8) and by the equations

n-—1
T00iy-+in0 = 3] 900is45:0 (A.l1a)
m+2)m—-1 n—1
Touty oty 100 — ——'(’l—+1—)2_'" O0aiy-ig.10:0 — (n_+1_)2_ O00qiy iy 130
(A.11b)
4+ —1) 1

Toayy-yy0 = w C0ay - vp:0 m 000ayy s (AIIC)

n+ 2@ -1
OoBiyerin ~000 = _(—n+—l)r OuBiy i, ~200:0
2n+2(n—1
- —W Co(@Bdiy - iy - 500
2(n— 1)

_(n+2m -1

Oupyy vy -100 — (m+ Dn CuByy-yp-10:0

+ (A.11d)

2(n + 2)(n — 1)
N T0@pyrL-p-1:0

2

+ m G008y -7g -1

(A.11¢)
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Gapyye 0 = (L-(tl_z'_‘)_—(";?l—l) Fapyy-vni0 ’%UO(aﬂ)u-"v" (A.11f)
Proof. The transformation determined by (A.4) for i, ,; = 0is one-to-one
since, according to Lemma 3 it has an inverse transformation determined by
(A.5). Starting with (A.5), this inverse transformation can be extended linearly
to be defined over the whole space of the 4-tuples {Syzy, .5, 415 Sos71va 41>
S00y1-7 412 Savig-iq;00 With the symmetries (A.6). It is easy to see that this
extension is uniquely determined by (A.5) and that it constitutes a one-to-one
transformation. Also, it maps its (extended) domain of definition into the
space of the Sy, .4, ,, With the symmetries (A.3). The last step is a little bit
tedious and it constitutes the main part of the proof; but it follows from a
straightforward calculation exhausting the examination of all the cases of
(A.3). Moreover, this transformation is onto the space of the Sup ., .,
satisfying (A.3), since it extends an inverse transformation of a transformation
defined over the whole of this space. This situation obviously implies that the
transformation determined by (A.4) is onto the above-mentioned space of the
4-tuples. This accomplishes the proof of part (a) of Theorem 2. Part (b) is a
direct consequence of part (a).
In the remainder of the Appendix we shall characterize the additional
restrictions over the {S,y,...;, }i = 2, implied by the further claim that space-time

is vacuous; that is,
R;=0 (A.12)

The restrictions on the covariant derivatives of Riemann’s tensor at one event
due to the vacuum condition are given by Rgpu,:.q, =0 (® =0,1,2,...).
From now on all the tensors components are understood to be taken along a
given orthonormal tetrad. Since $R,, = 7™ Sgoma, We get the following.

Lemma 4. The extra restrictions on the {S,;,..4,}x=2 at a point due
to the vacuum condition are

ﬂmnSabmn;il e 0 (k =0,1,2,.. ) (A13)
We would like to express the vacuum restrictions by means of the {S,p,...;, hi=2
only. For our applications the following theorem is sufficient, however.

Theorem 3. The vacuum condition, (A.13), is equivalent to a certain
infinite system of algebraic equations of the form

D™ Savigeeigmn + [S + Dlavtyety = 0 *k=012...) (Al4
(These equations are not linear, but are quasi-linear.)

Proof. Since 1™ Sapmn iy 1.ix = Sab'tiiy ... it 18 €asy to show by induction
that (A.13) is equivalent to

"lmnsabmn;(i; Seenig) — 0 (k = O: 1’ 29 .. ) (A‘IS)
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Next, Theorem 1 implies, by induction,
nmnSabmn:il = nmn(%sabilmn + %Sil(ab)mn) (Aléa)

3k+ 1
nmnsabmn Wy el = T’mn[;_-l——:i_) Sabil-uikmn

k- DYk + Dk +6)
-+ 8(k i 3) S(il---ik)abmn

3kt + 1
‘7_(5c +"3"‘)) (Satty--t90mn + Sb(il---ik)amn)}

+ [Stk + Dlasiyes, *=2,3,...) {(A.16b)

Now, (A.15) for k = Qis exactly the same as (A.14) for k = 0. Further, (A.15)
fork = 1, 7™ Sapmn, = 0, implies 7™ (Soomnsi; — Saiymnzn) = 0. This, with the
aid of (A.16a), implies 7™ Sypi,1mn = 0. Therefore, 7™ Sgpi, mn is Symmetric in
all the free indices. Now, again %™ Sgpm, = 0, with the aid of (A.16a),
implies 9™ Supi,mn = 0, which is exactly (A.14) for k = 1. Conversely, the
last equation implies, with the aid of (A.16a), 7™ Ssms,, = 0. We continue:
(A.15) for another k (k = 2, 3,...), is equivalent to the vanishing of the
right-hand side of (A.16b). We regard this equation as a system of linear
nonhomogeneous equations for the unknowns {9™"S,p,...;,mns. The number of
the equations of this system is equal to the number of the unknowns, since
both the {n™*Sapi;...iumny and the {[S(k + 1)]aps,..s,} there are symmetric in the
{a, b} and in the {i,, ..., i,}. We shall prove that this system is regular. This
would mean that it is solvable and therefore is equivalent to a system of
solutions %™ Sgu;,..ipmn = [S(K + Dlapiy..,, Which is indeed equivalent to
{A.14). In order to prove regularity of the system (A.16b) it is sufficient to show
that its associated homogeneous system {in which [S(k + )]s, = O},
possesses only the trivial solution. Indeed, setting [S(k + 1)]5p4,..4, = O in
(A.16b) and subtracting the equation obtained by interchanging the indices b
and i; from it results in

n“"[(k + 6)Satviggigizmn + (11k — 6)

k
X (Sa[biﬂizmikmn + Z Si,[bmtzu-ﬂ-nikamn)] =0

=92

+

Symmetrization of the indices {g, iy, . . ., i,} in this equation leads to

k
(1lk2 - Sk + 6)’7]mn<Sa[ml]i2-~-ikmn + z Sir[btlliz---g\,---ikamn) =0

r=2
Since 11k% — 5k 4+ 6 > 0 we derive by substitution of the last equation in the
preceding one 7™ S, ;g tgmn = 0. Hence ™Sy, ..iomy i Symmetric in all its
(free) indices. Applying this again to the homogeneous system immediately
implies 7™ Sgpi,...;s,mn = 0. This completes the proof of Theorem 3.
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An obvious consequence of (A.14) and the symmetries (A.3) is the
following.

Lemma 5. The vacuum condition implies equations of the form
nmnsamnil---ik + [Sk]ail---ik = 0 (k = 1, 2, . .) (A.l7a)
T Smniyi + [SE — Dy, =0 (6 =2,3,...) (A.17b)

From Theorem 2 we know that it is possible to express every Sgp, .-t 4,
by means of Saﬂ71"'7n+1’ S0571'"7n+1’ S0071"'Yn+1’ Sabiy--i,,:o and quantities of
lower S order; we even know the form of these expressions [given mainly by
(A.5)]. Applying this carefully to Theorem 3 implies the following.

Lemma 6. An equivalent form to the vacuum condition, (A.14), is
the following system of equations.

nmnsabiy'-ik—gmn:o + [Sk]abil"'ik—z = 0 (A.18a)

k-1
m Sooyl...-yk_lo;o - S0071"'7k—1uﬂ + [Sk]71"'7k—1 = 0 (A18b)

(k+2k-1g k=1
T_I_—i)z_ 0871-+¥-10:0 — _(k—-i-l)_z 00871 ¥k ~1:0

— Sosyyve—yuu + [SKlgyyeve-y = 0 (A.18¢c)

(k- D&+ 2k — Dk +2)
(k -+ 1)k aByy-ve-1030 T W 0(zB)yL ¥k -1 ;0
2

+ k(_k-ﬁj SOOaﬂvr--wc—x - Saﬂ‘i’l"'yk-l.llll
+ [SKlugryve_, = 0 (A.18d)

The following important theorem is analogous to Theorem 2 in the case
of vacuum.

Theorem 4. The assumptions made in Theorem 2 and the further
assumptions that space-time is vacuous (R; = 0) lead to the
following.

(a) Equation (A.4) for i, ., = 0 determines a one-to-one linear
transformation of the quantities {S,p,..4,,,} Which satisfy (A.3)
and (A.14) onto the 4-tuples {(Susyyrns1r S0872vne1r S00711n 415
Sabiy-iq:00) Of quantities that satisfy (A.6) and (A.18). The inverse
transformation is determined by (A.5).
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(b) The freedom in the available {{Sapi,- i, ,s» Savig-iq:00} 18 Of
the type (A.7), that is,

Sapigo gy = Sabiginsr T Tabiy-rin 1o
Sabigeig:0 = Sabtyein:0 T Tavty-iyi0
where the {ogpi,..is 415 Tably--in:0) aT€ arbitrary provided they satisfy
(A.8), (A.9), and
UG aa— R (A.19)
Also, equation (A.9) determines a one-to-one linear homogeneous
transformation of the quantities {04, ..., ,,} Which satisfy (A.8) and

(A.19) onto the 4-tuples {<Oupy, ys 41> F08y1-7p 415 0071~ 41> Tabiy-tn:00)
of quantities that satisfy (A.10) and

npqaabil---in-gpq:o =0 (A20a)
n—1
l’l'*'_l T00yy¥7-10:0 ™ C00y1-yp—yus = 0 (A.20b)
(n+ D — 1) n—1

(n + 1)2 GoByy-vp-10:0 — (n—-l-—l)z G00871-+¥p 110
T R T e 0 (A.zOC)

n+2n-1 2 + 2Y(n — 1)
_m_ Oapyy-vp-1030 — W O0(aByyy -¥p -1:0

+ = Oapyyeopn-1un = 0 (A20d)

m 000&571"'17. -1
The inverse transformation is determined by (A.11).

Remark. A special solution of (A.10) and (A.20) is when oy4y,...y, . >
O0871--vs 41 Tabiy-in;o VANish and ooqy, ..., ., SALSHES G0y sy = To0(ryovm 510
O00yy-vg—108 =

The proofis a direct consequence of Theorem 2, Theorem 3, and Lemma 6.
[Also, part (b) is a direct consequence of part (2).]

We know that generally ¢4y,...1,.0 in (A.7) is arbitrary apart from the
SYMMELTIES Oupiy.iyi0 = Olabyiyin):0> Tawiz-igy:o = 0, Of (A.10). The vacuum
condition introduces the further restrictions (A.20a). A question, important
for our applications, is whether (A.20a) constitutes all the extra restrictions
due to the vacuum condition over o4;,...4, ;0. In order to answer we have to
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check whether every o, .., ;0 With the relevant symmetries included in (A.10)
and with the “vacuum symmetries” (A.20a) can be associated with (o, ...y, , 1>
008717 41> T0071m+1, With the symmetries of (A.10) such that the whole
system (A.20) is satisfied. To this end we shall make use of the following three
lemmas.

Lemma7. Foreveryn(n=1,2,3,...)and N(N = 2,3,4,...), the
equations
Xyyoyyoqun = Aygeegn—y

XY}."‘Yn = ‘Y(‘h"‘Yn +1)

in the unknowns {X,,..,.,,} (i =1,2,..., N) are solvable if and
only l:fAvr"Yn-l = A(71"'7n—1)‘

Lemma 8. For every n (n=1,2,...) and N (N=12,3,...), the
equations

Xoyyovn—run = Auygeoyny

X,

a¥1¥n+l

a(y1-rn+1)

A,(‘7!1’1'"7'n+1) =0

in the unknowns {X,,,...,, ..}, (% v = 1,..., N), are solvable if and
only if
Aa71"'7n-1 = Aa(h"'h-ﬂ

4AHM71"‘7n—2 + (n —_— 2)A(11“'7n-2)llll = 0

Lemma 9. Foreveryn(n = 1,2,3,..)and N[N = 3,4,...()], the
equations

Xdﬁvlmvn-wu = Aaﬁ71-"vn-1

Xan1---1n+1 = ‘Y(aﬁ)(h"'vnu)

Xa(Bn"'Vn ) R 0

in the unknowns {Xugyyvmeat (@ By yvi = 1,..., N)are solvable if and
only if
A“ﬁ?’l"'?’n-l = A(“ﬂ)(?’l"'yn—].) (A.2la)

Ay g + (0 — 2)Aaiyyopngyun = 0 (A.211b)

For N = 2 conditions (A.21) are necessary but not sufficient. The
situation in the case N = 2 should not surprise us, since the dimension of
“the Aupy,.v, ., SPacE” exceeds the dimension of “the X,4,,..y,., space” in
this case (N = 2). The detailed proofs of Lemmas 7-9 are somewhat cumber-
some. We offer some hints as to how to manage them according to our method
and leave the details to the interested reader. The necessary conditions in the
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three lemmas follow immediately as consequences of some direct manipula-
tions. The main parts of the proofs are to show sufficiency. To this end we
make use, in all three cases, of a decomposition of symmetric quantities as
follows. It is easy to show that (provided N > 2) every S,,.. st = Sty rvp e
can be represented as the sum

M
n+41
7'1 Yaer T Z ('Izr+1 Tnl 7172 872r—17’27)’ M=[ 2 jl
where S§) ..., ., is totally symmetric and vanishes by one contraction of

indices: Sy, 520y = 0. Also this decomposition is unique. Making use of
this fact leads immediately to Lemma 7. We apply it also to the symmetric
indices {y;} of the X’s and A’s of Lemmas & and 9. Some difficulties arise only
as to the possibility of determining the desired X9..., ., and X3 ., ..,
respectively. However, it is possible to construct these quantities as outer
products of 3,, and the available quantities appearing in the decomposition
of the A’s. Only the construction of X}, ..,,., in the case N = 2 remains
impossible as expected.

Now we prove the following theorem.

Theorem 5. In vacuous space-time (R;; = 0) of dimension 4 at least,
the {oqpi,..4n:0f in (A.7) are arbitrary apart from the relevant sym-
metries included in (A.10) and (A.20a); that is, the vacuum condition
introduces only the extra restrictions (A.20a) on the {o,s,...1, .0}

Proof. Let 04y,..4, ;0 With the relevant symmetries included in (A.10) and
the symmetries (A.20a) be given. We have to show that there exist {ougy,...y, ,
O087,-1n 412 T00y;--1m + 1> With the symmetries (A.10) such that (A.20) is satisfied.
Indeed, Lemma 7 ensures that it is possible to find o,,,...,, ,, Consistent with
(A.10) and such that (A.20b) is satisfied. Lemma 8 ensures that it is possible
to find o4p,,...s,,, consistent with (A.10) and such that (A.20c) is satisfied.
We may use this lemma since it is easy to show that our given ogy,..; o
ensures the sufficient condition of Lemma 8. Now we substitute the already-
determined ogy,,...y, ,, in (A.20d). Then, Lemma 9 ensures that it is possible to
find o,y,,...,,,, consistent with (A.10) and such that (A.20d) is satisfied. We
may use Lemma 9, since it is easy to show that our given o,;,...; ;0 and the
already-fixed aqq,, ...,, ,, [Which satisfies (A.20b)] ensure the sufficient condition
of this lemma, (A.21). This completes the proof of Theorem 5.

Remark Concerning Theorem 5 in Riemannian Space of Dimension 2 or 3.
A Riemannian space of dimension 2 or 3 does not constitute any real problem,
since then the equation R, = 0 implies the vanishing of R,;.;. Therefore, all
the {S,pi,...1i=2 vanish (and, of course, the {o,y;,...4,}i= 2 Vanish too). Indeed
the extra symmetries now imply the vanishing of the {o4;,...,.0}; hence the
theorem is still true.
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